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1 Finite-volume Gibbs distributions

In this section, the Ising model on Z% is defined precisely and some of its basic properties are
established.

Definition 1.0 Gibbs distribution in finite-volume

For Ising model in a finite volume A C Z¢, the configurations of the Ising model are the
elements of the set Q4 = {—1,1}*, with the random variable spin o;(w) = w;.

we can define the Gibbs distribution in steps:

For the given edge set &), we associate each configuration w € Q5 with its energy, given by

the Hamiltonian
Hpr(w)=—B8 > oiw)ojw) —h>_ oiw),
{i,7}€6n €A

where € R>g is the inverse temperature and h € R is the magnetic field. Then the Gibbs
distribution is defined by

1
papn(w) = 7 exp(—Hap,n(w)),

AsB,h
where the partition function is given by

Zngn =Y exp(—Hypn(w)).

wWENA

In this Chapter, the edge set is usually given by the nearest-neighbor pairs of vertices.

Example 1.0

With the definition above we introduce several important concepts in the Ising model:
o Free boundary condition: & = {{i,5} € Z¢ x Z? : |i — j| = 1,4,j € A}. Denoted as
HA;B,o
o Periodic boundary condition: A, = {0,...,n — 1}4,&, = {{i,j} : i —
J has only one nonzero component and the latter is equal to + 1modn} (Ising model
on the torus T,). Denoted as ulf\ir, 8.h

« Boundary condition: Fixing a finite set A C Z¢ and a configuration n € €, we define a
configuration of the Ising model in A with boundary condition 7 as an element of the




finite set
Al ={weQ:w =n;,Vi¢A}

with the edge set
&8 =i gy c 2% {i jyn A #i~ g}
Denoted as ji.4

« For special case of n = 1 (all spins up), we denote the Gibbs distribution as uj\', B.h For
n = —1 (all spins down), we denote it as iy .

Remark 1.1. We will often use <)jzE s and Mﬁ 5, interchangeably.

2 Thermodynamic limit, pressure and magnetization

2.1 Convergence of subsets

To define the Ising model on the whole lattice Z%, we have to consider sequences of finite subsets
A, C Z% which converge to Z?, denoted by A, 1 Z%:

e Ay C Ay forallneN.
o U2, A, =74

Furthermore, in order to control the influence of the boundary condition, we have to impose a
further regularity. We’ll say that a sequence A, converges to Z? in the sense of van Hove,
which is denoted as A, 1} Z% iff
) ’ 8in An’
lim

n—oo  |Ay|

=0, (1)
where 0"A = {i € A:3j ¢ A, j ~i}.

2.2 Pressure

Definition 2.0 Pressure

The pressre in A is defined by
1

log Z/ﬁﬁ,h'

Remark 2.1. We can observe that it is an even function of h.

For each type of boundary condition #, (8,h) — wf (B, h) is convex.




Proof

By Holder’s inequality,

— Z e~ ;g1 hy (W)= (1=a) Hh gy o ()

w
< (Z efjf[\;ﬁl,hl(w))a(z 6*950/\;/32,}12(01))1*&'
w w

ZAsap1+(1-a)fa,ahi+(1—a)he

Thus it is convex by taking logarithm and dividing by |A].

Theorem 2.1

In the thermodynamic limit, the pressure
B,h) = lim B, h
Y( ) 2z YR ( )

is well-defined and independent of the sequence and of the type of boundary condition.

Proof

We start by proving convergence in the case of free boundary condition.
Step 1: We first show the existence of the limit li_>m Y2 (B,h), where D, = {1,2,... on}d,
n— 00 n

The pressure of D, will be shown to be close to the pressure of D,. Indeed, we can

decompose D, into 2¢ disjoint translates of D,,, denoted by DS) ey D7(L2d).

)

Thus the energy of w in D41 can be written as

2d
%Drrkl = Z%D(l) + Rn7
=1

where R, represents the energy of interaction between pairs of spins that belong to different




2d
sub-boxes. Since ) [] exp(—%D(i)(w)> = (ZDn)Qd, we have that
i=1 "

efsupRn(ZDn)Qd < ZDn+1 < efinfRn(ZD )2d

n )

Ry — _
le ‘an+l ’l/}Dn| — 821‘111314’1)‘ Slnce ‘R | < /8 d ( n+1)(d 1))7 we have ”l/)Dn-ﬂ-l _an‘ S Ce Cn?
which implies that it is a Cauchy sequence.

Step 2: We now consider an arbitrary sequence A,, 1+ Z¢. We fix some integer k and consider
a partition of Z? into adjacent disjoint translates of Dj. For each n consider a minimal

covering of A,, by elements D(j ) of the partition, and let [A,] = {J; D

[An]

2k

We use the estimate

VA, — ¥ < |¥a, = Yl + Y. — Yol + YD, | (2)

With step 1, we have that 3ko big enough such that for all k > ko, [1)p, — 9| <e.
For ¢p,), we have Sy, = > . 7, pW) + W, where |[W,| < ﬁ%d@"/’)d_l = Bd27F|[A,]]
(counting the number of sub—boxes). Thus Jk1 big enough such that for all k& > ki, [¢s,) —

w[)k’ < E.
Then we fix k& > max{ko, k1} and write A, = [A,] \ A,. We have

| A0, — Ha,| < (248 + )| Anl.

hence
e’(2d5+|h|+log2)‘A”|ZAn < Z[An] < 6(2d5+|h|+logz)lAn\ZAn

i.e.
[log Zy,, —log Zjp,,j| < |0An||Dk|(2df + [] 4 logy)

Aall ¢ 1,7 4 127 AlDLly

Since A € ™ and 1, is uniformly bounded by 2djs + |h| + log 2, we can
find n large enough such that |¢p, — ©| < € from the regularity (1).




Combining all these estimates, we conclude from (2) that [f — [ <e.
The independence of boundary condition can get in the similar estimation from the regularity.

2.3 Magnetization

Definition 2.1 magnetization density

We define the magnetization density as

where My = ), 0; is the total magnetization in A.

Remark 2.2. As can be easily checked,

8¢A

m¥ (8, h) = (8, h).

Learned in Probability Theory-Outer Chapter, we have also learned that

log (™M) 7 = [NWE (8,h + 1) — 6% (8,R)). (3)

It will turn out to be important to determine whether the equation above still holds in the
thermodynamic limit. We need to check whether the limit exists and depends on the boundary
condition, and if we can interchange the limit and the derivative.

Since ¢f (B, h) is convex, we can use the following lemma.

Lemma 2.2 Properties of convex functions

1) 0% f(z),0” f(x) exist at all points = € I.
2) O f(x) <Ot f(x) for all z € I.

3) 0T f(x) <O f(y) forallz <y e I.

5) O f is right-continuous, 8~ f is left-continuous.

(1)
(2) 9
(3)
(4) 9" f,0" f are nondecreasing.
(5)
(6) {z: 0" f(x) # 0 f(x)} is at most countable.
(7)

7) Let (gn) be a sequence of convex functions from I to R converging pointwise to a
function g. If g is differentiable at x, then ILm Ot gn(x) = li_>m 0" gn(z) = ¢ ().
n oo n—oo

With the lemma above, we immediately reach that

Define By = {h € R: 22 (8, h) # 25 (8, h)}.




Then for all h ¢ B3, the average magnetization density

m(B,h) = lim m{ (8,h)

is well defined, independent of the sequence A {+ Z% and of the boundary condition and
satisfies
o

Moreover, the function h — m(/3, h) is non-decreasing and is continuous at every h ¢ bg. It
is however discontinuous at each h € bg.
In particular, the spontaneous magnetization

m*(8) = limm(3, h)

hl0

is always well-defined.

The above discussion shows that the average magnetization density is discontinuous precisely
when the pressure is not differentiable in h. This leads to the following

Definition 2.2

The pressure psi exhibits a first-order phase transition at (g, h) if h — (5, h) fails to
be differentiable at that point.

3 The one-dimensional Ising model

Since the major part of this section has been discussed in Probability Theory-Outer Chapter, I’ll
only introduce them briefly.

Theorem 3.0

(d=1) For all 5 >0 and all h € R, the pressure ¥ (f3, h) of the one-dimensional Ising model
is given by

P(B,h) =log {eﬁ cosh(h) + \/625 cosh?(h) — 2sinh(2,8)} . (5)

Remark 3.1. With the theorem above, we can check that
o« m*(beta) =0, VS >0.

e lim m(B,h) =+1,V3 > 0.

h—4oc0
+1, h>0
o lim m(B,h) =<0, h=0
B—00
-1, h<O0



Theorem 3.1 Exponential decay

(d=1) Let 0 < 8 < oo and consider any sequence A,, f} Z, with an arbitrary boundary
condition #. For all £ > 0, there exists ¢ = ¢(3,¢) > 0 such that, for large enough n,

1Y po(ma, ¢ (—&,8)) < e, (6)

We start by writing

X solma, & (—2.8)) = pl 5olma, > &)+ pk 5 0(ma, < —o),

which can be studied in the same way.

—he|An h Ap
Mﬁn;g,o(mm > e) < e helnl <e man| '>.

Since <ehmAn|A”|> = ZA,:8,h/ 28,0, We have
. 1 .
lim Sup 75—y lOg }uAn;,B,O(mAn > 6) < lim (d}/\n (ﬁa h) - Q;[)An (67 0) - h€) = Iﬁ(h’) - hEa
n—00 |An| n—00
where Ig(h) = (8, h) —1(5,0). Since h > 0 was arbitrary, we can minimize over tha latter:

1
limsup —— log pia,,:8.0(ma, > €) < —sup{he — Ig(h)}.
We suffice to show that sup{he — I — B(h)} > 0. Since I5(0) = 0,I5(h) — 1 as h — oo,
therefore, for each 0 < € < 1, there exists some hy > 0 such that h.e — Ig(hs) > 0.

4 Infinite-volume Gibbs states

The pressure only provides information about the thermodynamical behavior of the system in
large volumes. If one is interested in the statistical properties of general observales, such as the
fluctuations of the magnetization density in a finite region or the correlations between far apart
spins, one needs to understand the behaviour of the Gibbs distribution pa.g in large volumes.

In this chapter, we will follow a hands-on approach: a state (in infinite volume) will be identified
with an assignment of an average value to each local function.

Definition 4.0

A function f: Q — R is local if there exists A C Z¢ such that f(w) = f(w') as sonn as w
and ' coincide on A. The smallest such set A is called the support of f and is denoted by

supp(f)-




Definition 4.0

An infinite-vollume state is a mapping associating to each local function f a real number
(f) and satisfying:

o Normalization: (1) = 1.
o Positivity: f > 0= (f) > 0.
o Linearity: YA € R, (f + Ag) = (f) + A (g).

The number (f) is called the average of f in the state (-).

Since states are defined on the infinite lattice, it is natural to distinguish thos that are translation
invariant. The translation by j € Z¢, t; : 7% — 7% is defined by

0ji =i+ j.

Definition 4.0

A state (-) is translation invariant if (0, f) = (f) for all j € Z? and all local functions f.

Theorem 4.0

Let 3> 0 and h € R. Along any sequence A,, T Z%, the finite-volume Gibbs distributions
with 4+ or — boundary condition converge to infinite-volume Gibbs states ();h AV g
The states do not depend on the sequence (A,,) and are both translation invariant.

The prrof will be given in 3.6 (Not included in this note).
Remark 4.1. Notice that we do not claim that the two states are distinct.

More generally, one can prove, albeit in a non-constructive way, that any sequence of finite-
volume Gibbs distributions admits converging subsequences.

Let (1,) be a sequence of boundary conditions and A, 1 Z%. Prove that there exists an
increasing sequence ny, of integers and a Gibbs state (-) such that

_ T My,
()= klggo <‘>Ank;5,h

is well defined.

Take {néo) = k}.

We do by induction and assume m = 1 at first. Consider all local events whose support
is contained in A,,. Since the events rely on finite-many configurations, we need only to
consider the expectation of r.v.s 14, where A C A,,.




Now since the sequence {(I4), e 5.1} 18 bounded by 1, we are able to find a subsequence
{n,(cm)} of {nk 1)} such that hm (Ia), ) exists for all A C A,,.
"k

We now take the subsequence {nk }, it’s exactly the subsequence we want.

5 Two families of local functions

As seen in the previous exercise, we need only to test convergence on a restricted family of functions.
The following lemma provides two particularly convenient such families, which will be especially
sell suited for the use of the correlation inequalities introduced in the next section. Define, for all

Acze,
oa=[lojna=[]n:
jeA jeA

where nj = £(1 + 0;) is the occupation variable at j.

Lemma 5.0

Let f be local. There exist real coefficients fA and f4 such that both of the following
representations hold:

f=>_ faca, f= D [fana

ACsupp(f) ACsupp(f)

We first prove the orthogonality relation of g 4.

2” |B|ZO'A w) =I(w; =@;,Vi € B). (7)
ACB

Let us first assume that w; = @;, for all ¢ € B. In that case, 04(©)oa(w) = 1, which implies
(7); When there exists ¢ € B such that w; # @;, then

Y oa@oaw) = Y (0a(@)0a(w) + oaug (@)oaupy (@)

ACB AcB\{i}
= S (a@)oaw) — 0a@)oaw))
ACB\{i}
= 0.




With the orthogonality lemma (7) above,

fwy= Y fW)(wi =w),Vi€ supp(f))

W' €Qsupp(f)

= Y sEhrml 3 aawoa)

w’Equpp(f) ACsupp(f)

= 3 w0l S ol eatw).

ACsupp(f) wleﬂsupp(f)

This shows that the first identity holds with f4 = 2~ lsupr(/)] Zw’Equpp(f)
Since 04 = [[;c4(2n; — 1), the second identity follows from the first one.

f(W)oa(w').
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