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This note draws upon Subsections 1, 2, and 6 of Section 3.10 from the book[1].

1 Kramers—Wannier duality

In the first part (based on Subsection 3.10.1[1]), we will present a proof showing that the critical inverse
temperature of the Ising model on Z? is given by

1
Be(2) = 5 log(1 + V2). (3.63)
This proof is attributed to Kramers and Wannier [2].

To begin, we introduce the partition function with + boundary condition in terms of contours (for
detailed derivation, refer to Equation (3.32) in [1]):

Zg(n);,ﬂ,o — BB Z H e—281 (3.64)
wEQE(n) v€l(w)
Then, we define the box dual to B(n) as follows
1 1 1 1
Bn)*={-n—<,—n+<,....n— = 12 72
(n) {-n 5 n—|—2, ,n 2,n+2} C 7z,
as illustrated in the figure below.
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Figure 1: B(n) and B(n)*

Next, analogous to Equation (3.45) in [1], it can be derived that

Zg(n)*;ﬂ*@:COSh(ﬁ*)\éEB(")H Z tanh(ﬂ*)‘E‘Z H wrw;

Beeyer., weA {i,j}CE
* * * 1(i,E
= cosh(8") 7l 7 tank(8) F T DD wf ™ (3.65)
EeCy« 1eE weh

= 2Bl cosh(5*)1€Bom~| Z tanh(3*)1Z!.

even
Beeyen,



where

. def . .o even def
I(Z7E) Z#{jEZdI{Z,j}EE}, B(n)* — {EEgB(n)*

I(i, E) is even for all i € A} .

As shown in Figure 1, we will identify each set F € G%V(e;)* with the edges of the contours corresponding

to a unique configuration w € QE(H)

Lemma 1. Let E € &pny«. Then E € @fv(:n)* if and only if E coincides with the edges of the contours of

a configuration w € Qf(n).

Proof. If E € (s’e’iéﬁ)*, we can apply the deformation operation illustrated in Figure 2.

S

Figure 2: The deformation rule

B(n)

This yields a set of disjoint closed loops, which correspond to the contours of the configuration w € €2

defined by:

Wi d:ef (_1)|{100ps surrounding i}|, ic B(’I’L)

Conversely, as noted in [1] (page 111, paragraph 2), the edge set of the contours of any configuration

w € Qf(n) belong to ei&ﬁ)*. O
By virtue of the previous lemma, we establish a correspondence between these sets and the contours,
specifically:
Z tanh(g*)1Zl = Z H tanh(5*)1!
EBeell)” weql (M 1€l (w)
Therefore, if 5* satisfies:
tanh(f*) = e~2~. (3.66)

Combine with

Zx;ﬂ,ozeﬁlgfil Z H e 2811 (3.32)
weQ} vel(w)

it follows that:

9—|B(n)*| cosh(ﬁ*)*l‘%(”)* ‘Z%(n)*;ﬁ*,o - e*ﬂ|5b3<n)|2§(n);ﬁ’0 (3.67)
As n — oo: B(n)
B, |€Bw) 6, "]
|B(n)| |B(n) |B(n)]

Taking the logarithm of both sides of (3.67) and invoking the convergence of the pressure (for details,
see Theorem 3.6 in [1]), we therefore obtain:

(8,0) = (B*,0) — logsinh(26") (3.68)

To understand (3.68), recall that tanh(3*) = e~2%. So the meaning of the (3.68) is that the pressure is
essentially invariant under the transformation:

B+ B* = artanh(e27) (3.69)
which interchanges the low and high temperatures, as can be verified in the following exercise.

Exercise 2. Show that the mapping ¢ : x +— artanh(e™2%) is an involution (¢ o ¢ = id) with a unique fized
(self-dual) point Bsq equal to 1log(1+ v/2). Moreover, $([0, Bs4)) = (Bsa, 00



Finally, to prove (3.63), we present the following observations.

Since ¢ and logsinh are both analytic on (0, 00), it follows from (3.68) that any non-analytic behavior
of ¥(-,0) at a given inverse temperature 8 must necessarily imply non-analytic behavior at 8* = ¢(53).
Consequently, if we assume that the pressure (-, 0)

1. is non-analytic at S,
2. is analytic everywhere else,

then [, must satisfies ¢ o ¢(8.) = B, so it coincides with Bsq. This completes the proof of (3.63).

2 Mean-field bounds

In the second part (based on Subsection 3.10.2[1]), let z/;%w( ), m gw( ) and BSW & (2d)~! represent
the pressure, magnetization and critical inverse temperature of the Curie-Weiss model associated to the
d-dimensional Ising model. The main theorem of this part, shows that these quantities provide rigorous
bounds on the corresponding quantities for the Ising model on Z<.

First, let us recall some basic definitions and properties of the Curie-Weiss model.

Definition 3. 1. For a set of spins w = (w1, ...,wn) The Curie-Weiss Hamiltonian defined at inverse
temperature B and with an external magnetic field h, is given by

N
def dﬂ
%Nﬂ nw Z wiw; — thi. (2.2)
i=1

i,j=1

2. We define Qn & {1}V as the set of all possible configurations of the Curie—Weiss model. The Gibbs
distribution over Qn is expressed as:

— AN (@)

¢ def € AR gow  def —wg

ppn (W) = oW where  ZN.gy = Z e~ N im0 (@)
NiB.h S

3. The free enreqy of the Curie-Weiss model is defined by

1-—-m 1-m 1+m 1+m
24 1 1 . 2.
—Bdm 5 log—5— + ——log — (2.5)

def

5" (m) =

. en , the supremum of hm — m) is attained at a unique point which we denote by
4. When h # 0, th h 5w is attained at ] int which denote b
gW(h) This point can be written as the modified mean-field equation:

tanh(2dfm + h) = m. (2.15)

Theorem 4. 1. The pressure of the Curie- Weiss model

cwpy def .
h) =1 1 z$
¢B (h) Ngﬂ 0g Z N, B h
exists and is convex in h. Moreover, it equals the Legendre transform of the free energy:

wﬁcw(h): Ir[lax {hm — fCW(m)}. (2.14)

1,1]

2. By (2.14), the pressure can be written explicitly as
$SW(h) = —dB (m§W(h))* + log cosh (248 mG W (h) + h) + log 2.

3.

Next, we present our principal theorem of this part, which is credited to Thompson [3][4].
Theorem 5. The following holds for the Ising model on Z¢, d > 1:

1. (B, h) > @[ng(h), for all B >0 and all h € R;

2. <0’0>;h < mgw(h), for all >0 and all h > 0;



3. Be(d) > BEW, for all d > 1.

Proof. 1. Our fundamental approach is to identify a sequence of numbers that converges to ¥ (5, h) and
demonstrate that each term in this sequence is no less than wgw(h).

Given that the pressure functions are even with respect to h, we can assume without loss of generality
that h > 0. We begin by decomposing the Hamiltonian with periodic boundary conditions:

def 1
per def per per,
Hpsn = =8 Y ooy —h Yy o= A+ A,

{igyesre: i€V,

er; Vi,

where »
AL, AV m® — (h+ 2dpm) Y o,
i€V
er,1 def
AL E =B D (o m)(o; —m),
{ijyeérs),

er; Vi,

and m € R is a parameter to be determined later.
We can then express the corresponding partition function as

Zn = Y eXP( Ao n (W ))

wENY,,

= % e (ARG exp (A )

wWEQY,

= zpber 0 <exp( AP )>per’0
Vnibih Vaibh) [y,

where we introduce the Gibbs distribution

0
per,0 def exp < %iearﬂ h( )> per,0 def per,0
(W) = per,0 » with Zy 5 = Z eXP( A0 (W )>'
VniB,h UJEQVn

By the convexity of the exponential function and Jensen’s inequality,

0 0
Z‘F}erﬁ nZ Zverg r €XP ( <%er,1;Vn;ﬁ,h>€iﬂ,h) :

Notably,

%per,l per,0; _ per,0 per,0
VaiBh )y g T -8 > (ilv,spn = m) ({30, 0 — ™
e {iaj}GEpcr;Vn
2
0
= —Bd|Val (m — (005,
Since

(Uo)%ergh = tanh(2dBm + h),

choosing m to be the largest solution to

m = tanh(2dSm + h)

per,0
(i.e. m= wgw(h)) we get <<%”ie7%1h> e 0 and, therefore,

205 > 250, = e P IValolVal cosh(2dBm + k) V.

Since ﬁ log Zy°" 5, converge to ﬂzgw(h), the conclusion follows by Theorem (4).



2. Let A = B(n), Wlth n > 1, and let ¢ ~ 0 denote any nearest-neighbor of the origin. Let <>A 5h

Denote by (- ) Al ﬁ ,, the expectation with respect to the Gibbs distribution in A with no interaction
between vertices 0 and ¢. Using the identity

P77 = cosh(B) (1 + tanh(B)o;0,), (3.41)
we derive the following upper bound for <00>X; s
Zweﬂf\ wo exXp {h djenci+ 8 Z{j,k}eé?b/\\{o,i} ijk} (1 4+ wow; tanh B)
Zw69+ exp {h > jeadi+ B Z{jyk}eéab/\\{o’i} ijk} (1 4 wow; tanh 3)

+
<00>A;B,h =

(00) g+ (O3) s tamh B (00)A3h + (03 A25 5 tanh 3

= 1 , (3.70)
1+<0()0'Z>A5htanh5 1+<00>A5h<01> ;’Bﬁtanhﬁ
where we used the GKS inequality in the last inequality.
Next, observe that for any > 0, a € [0,1], and b € [—1, 1], the function
b+ atanh(x) b + tanh(ax) (3.71)

1+ batanh(z) — 1+ btanh(az)

holds due to the concavity of tanh and the monotonicity of y — for y > 0. Applying (3.71) to

(3.70) yields

1+b

<UO>X;’é,h + tanh (5<0i>X.’é h)

1+ <00>1J\r;7é,h tanh (MUJI& h)

<UO>X;5,h <

Using the identity
tanh(z) + tanh(y)

1 + tanh(z) tanh(y)

= tanh(z + y),

this simplifies to
<Jo>j{;57h < tanh {artanh (<00>A . h) + ﬁ<0’z>j\r’é h} ’

which can be rewritten as
artanh ((a@j{;ﬁ)h) < artanh ((c;'o)j{;’é’h) + B(aﬁx;’é’h.
Finally, by GKS inequalities,

71 o00; [efeYex3
<Ui>j\_;ﬁ,h = (i’ IERYAG efooriyt xpn <A Ksms
so that
artanh <<00>X;5)h) < artanh (<00>X;’é7h> + 5<‘7i>j\r;,3,h- (3.72)
Tterating (3.72) over all nearest-neighbors i ~ 0 successively, we derive
artanh (<00>X;ﬁ’h) < artanh (<00>?0};ﬁ,h> + ﬂZ(UQX;ﬁ’h.
i~0
Of course, <Uo>?0};5,h = tanh(h). Therefore,
artanh (<0‘0>X;51h) <h+p Z<0i>x;61h,
in0
that is,
(70) ;.0 < tanh <h + 52<"i>X;B,h> :
i~0

Taking the thermodynamic limit A 1 Z¢ and using translation invariance <0¢>E h= <ao>2,' 5> We obtain

(00) . < tanh (h v 2dﬁ<00>;’h) .

From this we conclude <UO>2§h < mgw(h).

3. When 8 < AW, the previous result implies (00)%, < m§" (0) = 0. Since (00)3, > 0, this forces
<‘70>E,0 =0, proving 8 < B.(d).
O

As shown, Theorem (5) provides explicit bounds on the Ising model quantities on Z¢ (d > 1) by
leveraging the exact solutions of the Curie-Weiss model.



3 Random-cluster and random-current representations

In the third and final part (drawing on Subsection 3.10.6 of [1]), we will present a geometric approach
to the Ising model. In the previous seminar, we covered the low-temperature and high-temperature rep-
resentations during our analysis of the phase diagram. In this part, we will briefly introduce two other
graphical representations of the Ising model: the random-cluster representation and the random-current
representation.

3.1 Random-cluster representation

We begin with the random-cluster representation. Its starting point is analogous to the derivation
of the model’s high-temperature representation: we expand the Boltzmann weight in a suitable manner.
Here, we express

7% = P 4 (¢ —e7P) 11g20yy = ¢ (1 = 1) + Psl{o,=0,}) 5

where we define dof
s = 1—e 2P co,1].

Let A € Z%. Using the above notation, after expanding the product, we obtain

p b E X
H Boic; _ BIEL] Z p|5 (1 — pp)I€R\EI H 15,=0,}-

{i,jre&} EC&} {i,j}€E

The partition function ZIJ{, 5,0 can thus be written as

_ _Bl& 12| EXNE
Zip0 =" 0y (1 =pa) Y T Loir=as oy

EC&} went {iJeE
feﬁlé",\l E p|E\ \5A\E\2NK’(E) 1
EC&}

where NV (E) denotes the number of connected components (usually referred to as clusters in this context)
of the graph (Z%, E U &za\ ). This graph is constructed by considering all vertices of 7% and all edges of
7% that either belong to E or do not intersect the box A.

The FK-percolation process in A with wired boundary condition is a probability distribution on 73(5}\’)
—the set of all subsets of &7. For a subset of edges E C &7, the probability assigned by this distribution
is

p|ﬁE‘(1 — pp)IER\EIQNK (B)
S cs PEN1 — pp) FRVE N

For A, B C Z¢, let us write {A <> B} for the event that there exists a cluster intersecting both A and
B.

FK def
N png(E) =

Exercise 6. Proceeding as above, check the following identities: for any i,j € A € Z%,
FK, FKw (. )
<Ui>x;ﬁ,0 Vn, pBwQ(Z A aEJEA)? <0-i0-j>X:ﬂ,0 = VA;ngf)2(Z A j)

Proof. 1. Proof of (o:)}.50 = V/F\};sz(z < O%A)

By definition of the expectation in the Ising model:

0= or— 3 awen (8 S ojwonw)

Z.
B0 et {j,k}re&?

Using the random-cluster expansion of the Boltzmann weight:

b E b
exp |8 Y oo | =ell Zp“ —pp) LT 14oy=onys

{j.k}e&p EC&? {j,k}eE



substituting into the expectation gives:

B1&ER|
€ E éob

(i) ks0= 77— 2 P (1 =pa) NS @) T Lo wr=onen-
AiB0 peep wet {i.k}eE

For the inner sum over spins: - If ¢ is connected to A in E'U &za\, all spins in the cluster are +1
(due to 4+ boundary conditions), so o; = 1. - Otherwise, the cluster containing ¢ is isolated, and the
sum over o; gives > ., 0; =0.

Thus: ,
Yo ooiw) T Lioymony = 2" ey
went (k}eE

Using the partition function ZIJ{,B 0= eBlEx| B plﬁE‘ (1-— p/g)“’@k\E‘QN)L\U(E)_l, we simplify:

E b w
ot DI p‘B \(1 _pﬁ)\é”A\E\QNA (E)

AB0 S p\BE\(l — pg)|ER\EIQN (B)

= vy (i 4> 0A).

2. Proof of <O'1'O'j>j\_;670 = ui};;é(i < 7)

The proof follows a similar line of reasoning to the previous one and thus is omitted here.
O

One feature that renders the random - cluster representation especially useful (enabling the successful
import of numerous ideas and techniques developed for Bernoulli bond percolation) is the existence of an
FKG inequality. Let A € Z¢ and consider the partial order on P(Ey ) given by E < E’ if and only if
ECFE.

From the previous exercise (6) and the Riesz—Markov—Kakutani representation theorem, one can define

. FK,w
a probability measure v}, 5" on & such that

VP/%QM(Q{) - Aléld VA%PBU,JQ(JZ{)’

for all local events.

A simple yet remarkable observation is that the statements of Exercise (6) remain valid under this
measure. In particular,

+ FK,
<0—0>[3’70 - pﬁ,2w (0 A OO),

where {0 <> oo} corresponds to the event that there exists an infinite path of disjoint open edges starting
from 0 (or, equivalently, that the cluster containing 0 has infinite cardinality).

Since Theorem 3.28 of [1] shows that the existence of a first-order phase transition at inverse tempera-
ture (and magnetic field) is equivalent to non-zero spontaneous magnetization, the above relation implies
that the latter is also equivalent to percolation in the associated FK-percolation process.

3.2 Random-current representation

Next, we introduce the random-current representation. Like before, we expand the Boltzmann weight,
then the product over pairs of neighbors, and finally sum over the spins. For the first step, expand the
exponential as a Taylor series:

oo n

o B
ePoioi — Z F(Jigj)n'

n=0

Writing n = (ne)eeER for a collection of nonnegative integers, we get

[T oo =0 oy 1T o

{i,jYe&r n ecgl {i,jye&}



The partition function Zj{_ 5.0 becomes

Zipo=2_9 11 i' > I i@y

n | eesd weQf {i,j}eER
ST E TP
n!
n 665}\) ¢ 1EA w;=

where I(i, n) def D jei Mg Since

Z " = {2 if m is even,
Wizt 0 if m is odd,

we conclude

Zise=2M Y ] 57_2|A\ ARIPL (9rn = ),

n:oan=9o egg'b

where 9yn {z € A : I(i,n) is odd}. Under the probability distribution Pl n=(ne).c &v is a collection
of independent random variables, each one distributed according to the P01sson distribution of parameter
B. We will call n a current conﬁguratlon in A.

Similar representations hold for arbitrary correlation functions.

Exercise 7. Derive the following identity: for all A C A € Z2,

The power of the random - current representation, however, lies in the fact that it also allows a
probabilistic interpretation of truncated correlations in terms of various geometric events. The crucial
result is the following lemma, which deals with a distribution on pairs of current configurations

2 def
P} (n',n?) P (n!)P} ,(n?).

Let us denote by i +— 0°*A the event that there is a path connecting i to A along which n takes
only positive values.

Lemma 8 (Switching Lemma). Let A € Z%, A C A, i € A and & a set of current configurations in A.
Then,

PX;(;)(GADI = A,0zn* = {i},n' + n? € ¥)

=P 7 (0an' = AA{i},0an® = @,n' +n? € 7, B 1 geap). (3.78)
Proof. Define

w(n) def H i(j

eeéa};

and, for two current configurations satisfying n < m (that is, n. < me, Ve € &P),

<m> = H (me)
n Ne )
eeg’k’ ¢
1 2

Change variables from the pair (n',n?) to the pair (m,n) where m = n! + n? and n = n?.
Oa(n! +n?) = 9yn*AdAn?, n < m and

wtnt ) = (M 5wt +0) = (i),

n2

Since



we can rewrite

> e = Y wm ¥ (7)) (3.79)

Oan'=A Oam=AA{i} n<m
6An2:{i} me.y Oan={i}
n'4n%c.s

Note that i = A = i +— 9°*A, since n < m. Consequently,

> @’) —0, when i <™ §A, (3.80)
n<m
Oan={i}

since i +— 0°*A whenever 9yn = {i}. Let us therefore assume that i <= 9°*A, which allows us to use
the following lemma, which will be proven below. O

Lemma 9. Let m be a current configuration in A € Z¢ and C, D C A. If there exists a current configuration

k such that k < m and dnk = C, then
m m
= . . 1
> (M- = (7 351)

n<m n<m
8An:D BAn:CAD

An application of this lemma with C = D = {i} yields

3 (r:l’)_ 3 C‘:) when i <=5 §A. (3.82)

n<m n<m
oan={i} oAn=g

Using (3.80) and (3.82) in (3.79), and returning to the variables n' = m — n and n? = n, we get

m
> et = Y wm) ¥ ()
danl=A Inm=AN{i} n<m
an*={i} me.y oAn=g

nl4n’c.s A
= > whHhwm®)1
an'=AA{:}

6An2:z
n'4+n%c.s

("3 gexpy’

and the proof is complete. [

Proof of Lemma (9). Let us associate to the configuration m the graph Gy, with vertices A U A and
with m. edges between the endpoints of each edge e € éﬂ‘\’ . By assumption, Gy, possesses a subgraph Gy
with 0y Gk = C, where 05 G is the set of vertices of A belonging to an odd number of edges.

The left - hand side of (3.81) is equal to the number of subgraphs G of G,y satisfying 9AG = D, while
the right - hand side counts the number of subgraphs G of Gy, satisfying 0pG = CAD. But the application
G — GAGy defines a bijection between these two families of graphs, since dp (GAGK) = InGAI\Gx and
(GAGK)AGk = G. O

As one simple application of the Switching Lemma, let us derive a probabilistic representation for the
truncated 2 - point function.

Lemma 10. For all distinct i,j € A € Z¢,

1 2
Py (0an' = {i,j},0a0% = 2,0 % 9°7A)

(oot 50 = ) (3.83)
J/A;8,0 PX,(E) (8/\1’11 — @,8/\1’12 — @)
Proof. Using the representation of Exercise 7,
ooy Fhp(@an=(03) _ FLyGan= 1) Pl =)
*TIIAB,0 Px;ﬁ(&\n = @) PX;B(aAn = @) IP’X;B(E)An = @)
PP (0an' = {i,j},0an = 2) — P[P (9an' = {i},05n% = {j})
PX;([?)(aAnl = @,8/\112 = @) .
Since the Switching Lemma(8) implies that
1 2
Pr5(0an" = {i},0an? = {5}) = P13 (9an' = {i, j},0an? = 2,1 %3 9N),
we can cancel terms in the numerator and the conclusion follows. O
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